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In the papers Cl to 3], the author showed the impossibility of a continuous
flow near the "top" of a triangular plate, or other conical bodies, in a uni-
form supersonic flow. These conclusions were based on the properties of
simple conical waves and on arguments connected with the formulation of bound-
ary value problems for mixed equations of the elliptic-hyperbolic type. Below
will be given another approach to the problem, based on the asymptotic repre-
sentations of the solution in "boundary layers" near weak shock waves and
Mach cones for uniform flow [4]. In the example of the flow near the "top"
of the triangular plate, it is established that the appearance (or absence)
of shock waves is determined by the behavior of the usual linear solutions
near the corresponding boundary. Asymptotic formulas are found, defining

the position of the shock wave for the "top" of the triangular plate.

1. We consider a triangular plate at an angle of attack & at rest in
an inviscld gas flow with velocity W, and Mach nymber #,., We assume that
the edges of the wing are supersonic, so that the
conical flows resulting from flow past "above" and
"below" the wing do not interact and may be consid-
ered separately (Fig.1l).

In conical flows, the velocity components uy, v, w,
along the Cartesian coordinates, the entropy S,,and
the pressure P all depend only on angular coordi-
nates, for which we take € = x/z and n = y/z, the
z-axis being directed along the axis of symmetry of
the wing (Fig.1). For irrotational cpnical flows,
the conical potential F (£, n) = z7'@ (=, y, 2} (where
© 1is the velocity potential) satisfies Equation

L{Fl = AFEE -+~ 2BFEﬂ + CF = 0 (1.1)
A=a(1+8)— (u— 5t
B = a%n — (u — &w) (v — M)
€= a2 (14 ) — (0 —nw)?
a? = a — Yy (y — 1) (@@ + 2 fut — W)
Here @, is the speed of sound in the unperturbed flow, @ is the local
speed of sound, and y the adiabatic exponent.
Moreover,
u == Fg, ve=F, w=F —EtF; —nF, (1.2)
In what follows, polar coordinates will be needed in the plane; intoducing
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them by Formulas € =7 cos § , m =7 sin g ,we then have

sin . cos 0
u = cos OF, —— Fy v =sin OF, 4 — Fos w=F —rF, (1.3)

By virtue of the symmetry, e show the flow pattern for the "top" of the
plate at small angles of attack & 1in the gn-plane for the case when £ > 0
(Fig.2). The wing 1s represented by the segment 0-3 . The envelope of the
Mach cones of unperturbed flow with vertices on the lateral edge is given b
the arc 1-2 (an arc of the Mach cone with vertex at the point 0 in Fig.l
and the straight line 2-3., At the flowpast the lateral edge of the plate
the Prandtl-Meyer flow 1s formed, followed by a uniform flow adjacent to the
wing surface, reglon 3-4-5-6-3 . The Prandtl-Meyer flow has a family of
stralght characteristics of Equation (1.1) passing through the point 3
(straight lines 3-2 and 3- 2. The region of general conical flow above
the center portion of the wing (if the flow is assumed continuous), is bounded
by the arc of the Mach cone 1-2 , the curved characteristic of the Prandtl-
Meyer flow 2-6 , the straight characteristic 6-5 , and the arc of the Mach
cone 5-% for the uniform flow in region 3-4-5-6-3 . We shall not decide
now the existence of the shocks 2-7 and 2-8 . From what follows, 1t will
become clear that 2-8 degenerates into the arc of the Mach cone 1-2
while 2-7 exists. An asymptotic formula for determining its position zfor
8 - 0) will be given .

2. In [4] the author pointed nut that near the weak shock waves and the
Mach cones of uniform flow there exist "boundary leayers", in which the
solution of (1.1) cannot be represented by a usual power series in & , and
the corresponding expanslons were given. Our plan of procedure is as follows.
Inside the regilon 0-1-2-6-5-4-0 (Fig.2) the solutlon may be represented as

a power seriles in &6 .

We take the first term of this ,
expansion (linear theory) and attempt
to "match" it to the first term of the
solution resulting from the "boundary
layer" near 1-2 {or 2-8 ) and 2-7
(or 4-5) .

In thils manner, it will be estab-
lished that the different expansions
may be matched only 1if 1t 1s assumed
that the b andary of the general coni-
cal flow region 1s 1-2 and 2-7, l.e.
the shock 2-8 1s absent, while the
Fig. 2 shock 2-7 occurs. (We note that as
& -~ 0, the arc 2-6=-5 vanishes and the
entire flow 1s determined by the arecs

1-2 and 5-%,)

The coordinate system of Fig.l will be called the basic system. We intro-
duce two more auxiliary coordinate systems. In the flrst system, the z¥*-axis
is taken along the unperturbed flow velocity, and all quantitles in this
coordinate system will be denoted by a star superscript. In the second sys-
tem, the 2z®-axls 1s taken along the uniform flow velocity in the region
3-4-5-6-3 and all quantitles are denoted by the superscript ° . We now
write the"expansion for the conlcal potential F resulting from the "bound-
ary layer" [4] near 1-2 ,setting AV“::6,1p(9*,l):: Po 0%) + . . .,

i, Wy oyt * *y7 2 ! &
oxe(e*);_i_—l—w(rl R N A Gl
(g = (M2 — )7, r*=m™) (2.1)

.. If we assume that near 1-2 a shock 2-8 exists, then we must substitute
@y * (0%) for —p, '+ (@*% 1in (2.1). (The position of 2-8 1s determined by
Formula p*:= % 3- &%, (0*) + ...) In (2.1) we change to the basic coor-
dinates. The first auxiliary coordinate system is obtalned from the basic
system by means of a rotation about the y-axlis through an angle &6 . Writ-
ing the transformation formula from x*, y*, z* to x, y, 2z, we easily get

F* (r*, 0%) = W, + 6['8%3-1|J
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r*=r—38sin6 {1+ r) - 08, 6* =0 —O6rtcos @+ 0 (5) (22)

Moreover, the conlecal potentlal F in the baslc coordinate system 1s
obtained from F¥* by Formula

F(r,0)=F@y 0 VIF+m/U+
Substituting here (2.1),{2.2) and expanding the result in & , we get

F = W1+5[rxwlsin6mwlsin6(r1~— r 4

8V3 w .
+ 22 O B @) (o — WP+ 0 @.3)
where P = I''* ., According to (1.3),

4 » :
w=W1{1+6 ;/_ (Y+"‘;)M.\p, ® (r,.—r)/”«k...]+0(6_3)} (2.9)

We carry out the same operations for the flow near the sheck 2~7 {or arc
5-4) ., We write the expansion for F resulting from the "boundary layer”
near 2-7 (4], setting p%h=1¢, p(O° 1) =g, 0 + ...,

gel (8° 8 V3
Fo(r°, 8% = W,° + 6[ v +( 1} w,° ;’;104 V: (r®—r9 L } -+ 0 (62) (2.5)
(ml = V-Ml"ﬁ_ 1, "1‘: 1/m1)

Here W,° and ¥,° are the velocity and Mach number in the region 3-~i-
-5-6-3 (Fig.2).

The second auxiliary coordinate system 1s obtained from the basic coordl-
nate system by a rotation about the y-axis through an angle o , which is
a function of & , 8 , N,, and y . We represent it as a series in the

powers of & 6 = 5,8 + 5,82 & .
We do exactly the same for the other gquantities
W =W, 4+ Wyd+ ..., My =M2+0 6, m®> =m0 ®), n°=r + 0 (6)

ete. Moreover,
— o° 1 + r?
Feo=ree) S

and r°, 8° are related to r, ¢ by Formulas
r°=f+6310059(i+f2)+0(62), ”9"“651 r ’F‘O(ﬁz}

Substituting (2.5), r°, 8° into F{r, 8), expanding the result in & , we
get

F=1W,+ 6[“”11 — W0 rycos 0 + 110, cos 8 (r, — 1) —
8V3 W, m* .,

9 {,—_;}T Mllg' Tt 0) (= N . ] + 0 (&%)
From this, using (1.3), we find

H 4 3 1,3 . ,
== 1 {1 -+ 5 u ‘;r . TH;) T Go () (ry — 1) s, _].{. Is) (52)} (2.6)

If we assume that the shock 2-7 1s absent, then in Formula (2.6) the
quantity g¢,’t(g) must be replaced by —1pg** (0).

In the inner part of the region 0-1-2-7-0 , the quantity w 1is expressed
as . 5 n
w o=z Wy [1 4 Gy (3, 8) -i- 0 (60} 2.7
where w,({a,8) 1s a harmonic function of the polar coordinates «, ¢ and
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,r/t'é=2a/(1 -+a?) (r = r, corresponds to ¢ = 1). Transforming (2.4) and
{2.6) to the variables g, 8, we get

6 */s .
w=w o[ @t~ + . Jroo) o

2VE ¥ .
w = W,{i w85 — 14 P EE e O @ — o+ [+ o @)} 29

3. We shall argue in the following fashlon.

The expansion (2.7) represents an exact sélution in the interior of the
circle a < 1, In the nelghborhoed of o = 1 , this series diverges, but each
term of this serles 1s defined at a<{ 1, so that as o - 1 this function
must have a completely determined behavior. This behavior of 1w, {a,0) is
given by the coefficients of & 1in the Formulas (2.8) and (2.9). JIetting
a tend to unity, we obtain from {2.8) and (2.9) that on the arc of the unit
circle 1~2 of Fig.3 (corresponding to 1-2 in Fig.2 or to the shock 8-2),
w;= O , while on the arc 2-7 of Fig.3 {corresponding to the shock 2-7 in
Fig.2 or to the Mach cone #4~5), w,= W,, /W ; 1l.e. in
the g@g6-plane, the usual linear problem i1s obtained
exactly.

After finding w,{q,0) we "match" the derivative wu,
found from the linear theory with the w, glven by the
expansions (2.8) and (2.9) for a« = 1 . 8ince accord-
ing to the linear theory w,< 0 on arc 1-2 of Fig.3
and w, >0 on arc 2-7 of Fig.3, then "matching” is
possi’gle only if we assume that the boundary of the
conlcal flow region is composed of the arc of the Mach

Fig. 3 cone 1-2 of Fig.2 and the shock 2-7 (Pig.2). From
the matching condition, we find %/t () and @, 't (8), which
define the velocity of the flow expansion in the neighborhood of 1-2 as
well as determine the position of the shock 2-7 . In particualr, for wo{8),

we have .
3¢+ 12 M

{(wm )alea 3.1
and the positlon of the shock 2-7 , Flg.2, 1s given in the second auxiliary
system by

r° = r° + 8%q, (8°) + 0 (89 (3.2)

For the point '5 (Fig.2), 6=06°=0,9,=1%"=0,n°=§° , and according
to {3.1) and {(3.2),

3 -+ )2 M8
8=+ B @H*-‘— (010 )amy, 0o)* + O (&) @.3)

The location of point 7 in the basic coordinate system is calculated from
Formula

-]
§; —wng
g, = Efunc - 1 (3.4)
According to linear theory
2 cot ﬁ a 1
W1a)asq, 00 ** g ese? O, (005 By = oy cot 3) (3.5)

Using Formulas (3.3) to {3.5) and Tables in [5 and 6], the author calcu~
lated g, for two cases which were also computed numerically using an elec-
tronic computer [7]. We cite the results, and also the relative error &4

T M 36 By Gipe A
1.4 4 30°  5° 0,196 0.199 1.595
1.4 6 300 7 0,116 0424 79"
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4, In this manner, the formation of shocks in exact theory may be predic-
ted from the regsults of linear theory (i.e. where (w,),_,>0, a shock forms,
where (wa)a=1<:0, the flow 1s an expansion). We note that this deduction
was first made by Lighthill [8], when he applied his method (PLK) to find
the second approximation in conical flow theory. The method presented here
1s more rigorous; moreeover, based on linear theory, we determine the shock
position 2-7 to within 0(6®) , and not to 0(&) as was done in [8].

The influence of the region where (1.1) 1s hyperbolic near 2-6-5 and
other regions contracting to a point as § - 0 , are considered in kindred
problems in the author's dissertation (Moscow State Univ., 1962).
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